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Laboratoire de Physique Théorique et Modélisation, CY Cergy Paris Université,
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We investigate the behavior of the Generalized Alignment Index of order k (GALIk) for
regular orbits of multidimensional Hamiltonian systems. The GALIk is an efficient chaos
indicator, which asymptotically attains positive values for regular motion when 2 ≤ k ≤ N ,
with N being the dimension (D) of the torus on which the motion occurs. By considering
several regular orbits in the neighborhood of two typical simple, stable periodic orbits of
the Fermi–Pasta–Ulam–Tsingou (FPUT) β model for various values of the system’s degrees
of freedom, we show that the asymptotic GALIk values decrease when the order k of the
index increases and when the orbit’s energy approaches the periodic orbit’s destabilization
energy where the stability island vanishes, while they increase when the considered regular
orbit moves further away from the periodic one for a fixed energy. In addition, by performing
extensive numerical simulations we show that the behavior of the index does not depend on
the choice of the initial deviation vectors needed for its evaluation.
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1. Introduction

Dynamical systems constitute a rather
substantial research area with many different
applications in several fields of physics. In
particular, Hamiltonian systems with many
degrees of freedom (dof) have been broadly
used for the study and better understanding of
energy transport and equipartition phenomena
(see for example [1–5]). The latter phenomena
are associated with the dynamical nature of the
motion fostered in the respective phase space,
namely the regular or chaotic evolution of the
system’s orbits [3].

The rapid and efficient detection of the
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regular or chaotic nature of motion in many
dof systems has been a very active research
topic over the years, starting with the theoretical
introduction of Lyapunov Exponents (LEs) [6, 7],
and the development of efficient algorithms for
their calculation [8, 9] (see also [10] for a recent
review), which in time expanded and evolved as a
subfield of dynamical systems leading to a gallery
of chaos detection methods (see e.g. [11–13] for
comparisons among different methods and [14]
for a collection of recent reviews of several chaos
indicators).

In this study, we employ the Generalized
Alignment Index (GALI) [15], a chaos detection
method which has been shown to be a very
efficient and fast tool for such purposes, especially
in high dimensional problems (see e.g. [16, 17]).
GALI’s main advantages are (i) the quick
distinction between regular and chaotic motion,
(ii) the early detection of weak chaotic behavior,
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(iii) the determination of the dimensionality of the
torus on which the quasi-periodic motion occurs,
and (iv) the prediction of slow diffusion [16].

The GALI requires the evolution of several
deviation vectors from a given orbit. The number
k of the vectors used defines the order of the
index i.e. GALIk. In the case of regular motion
GALIk, for k not greater than the dimension N
of the tangent space of the torus on which the
motion takes place, eventually oscillates around
a positive value, while for chaotic orbits it tends
exponentially fast to zero [15]. In the case of stable
periodic orbits of Hamiltonian systems, GALIk
tends to zero following particular power laws,
while for unstable periodic orbits it becomes zero
exponentially fast [18]. A detailed discussion of
the theory of GALIs, along with their applications
to various dynamical systems can be found in [19].

In this paper, we seek out to investigate and
understand the GALIs’ prediction efficiency and
performance when the initial condition (IC) of
an orbit moves gradually from a regular motion
region to a chaotic one in Hamiltonian systems, by
studying in detail the variation of the asymptotic
values of the indices. This transition can take
place either by changing the total energy of
the system or by moving the regular orbit’s IC
towards the edge of a stability island. In addition,
we follow the time evolution of the deviation
vectors needed for the computation of the GALIs
and examine if different initial distributions of
the coordinates of these vectors affects the final
GALI value. We perform our investigations in
phase space regions around some simple, stable
periodic orbits of the Fermi–Pasta–Ulam–Tsingou
(FPUT) model [20, 21], which describes a
chain of harmonic oscillators coupled through
nonlinear interactions. The dynamics of this
system has been studied extensively in the last
decades (see e.g. [22, 23] and references therein)
and is considered nowadays a prototypical,
multidimensional, nonlinear model.

The paper is organized as follows. In
Section 2 we present the FPUT β system, discuss
the numerical integration of its equations of
motion and its variational equations, and briefly
present the definition of the GALI method, its
properties, as well as its computation. Then,
in Section 3 we study in detail the asymptotic
behavior of the GALIs for regular orbits in the
phase space neighborhood of two types of stable
periodic orbits of the FPUT β model considering
systems with different dof. In Section 4 we focus

our attention on the properties of the deviation
vectors used for the computation of the GALIs,
while in Section 5 we summarize our results and
discuss our findings.

2. Model and numerical
techniques

In our study, we consider the one-
dimensional (1D) FPUT β model [20, 21], which
represents a lattice chain of N identical particles
with quartic nearest-neighbor interactions. The
system’s Hamiltonian function is given by

HN =
N∑
i=1

1

2
p2i

+

N∑
i=0

[
1

2
(xi+1 − xi)2 +

β

4
(xi+1 − xi)4

]
,

(1)

where xi is the displacement of the i-
th particle from its equilibrium position
and pi is the corresponding conjugate
momentum. In our investigation we impose
fixed boundary conditions to system (1),
i.e. x0 = xN+1 = p0 = pN+1 = 0 and set β = 1.
The time evolution of a phase space orbit
with ICs at time t = t0 ~z(t0) = (~x(t0), ~p(t0)),
where ~x(t0) = (x1(t0), x2(t0), . . . , xN (t0))
and ~p(t0) = (p1(t0), p2(t0), . . . , pN (t0)),
is governed by the Hamilton equations of
motion ẋi = dxi

dt = ∂HN
∂pi

, ṗi = dpi
dt = −∂HN

∂xi
,

i = 1, 2, . . . , N .
In order to compute the GALIk chaos

indicator for a particular orbit we have to
follow the evolution of the orbit itself, along
with a set of k, initially linearly independent,
deviation vectors ~vi, i = 1, 2, . . . , k, corresponding
to k different perturbations of the studied
orbit. The time evolution of an initial deviation
vector ~v(t0) = δ~z(t0) = (δ~x(t0), δ~p(t0)) =
(δx1(t0), . . . , δxN (t0), δp1(t0), . . . , δpN (t0)) from
an orbit with ICs ~z(t0) = (~x(t0), ~p(t0)) is
governed by the so-called variational equations
(see e.g. [10])

~̇v(t) =
[
J2N ·D2

H(z(t))
]
· ~v(t0), (2)

where J2N =
[ 0N IN
−IN 0N

]
, with IN and 0N being

respectively the identity and the zero N ×N
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matrices, and D2
H(z(t)) is the 2N × 2N Hessian

matrix with elements D2
H(z(t))i,j =

∂2H
∂zi∂zj

∣∣∣
z(t)

,

i, j = 1, 2, . . . , 2N .
Since Hamiltonian (1) can be split in two

integrable parts HN (~x, ~p) = A(~p) + B(~x),
with A(~p) being the kinetic energy, which is
a function of only the momenta pi, and B(~x)
being the potential energy depending only on
the coordinates xi, we implement an efficient
fourth-order symplectic integration scheme called
ABA864 [24–26] for integrating the system’s
equations of motion. Symplectic integrators
are numerical schemes specifically designed to
preserve the symplectic structure of Hamiltonian
systems. One of their main advantages is
that they keep the error in the computed
value of the Hamiltonian (which is typically
referred to as the system’s ‘energy’) bounded
for all times. In our numerical simulations, we
typically integrate system (1) up to a final time
tf = 108. By adequately adjusting the used
integration time step we always keep the absolute
value of the relative energy error below 10−8.
By implementing the so-called ‘tangent map’
technique [27–29] we also use the ABA864 scheme
for integrating the system’s variational equations
(2), following in this way the time evolution
of the set of deviation vectors needed for the
computation of the GALIs.

2.1. The GALI method

Let us now briefly discuss the GALI
method and its properties considering our N
dof autonomous Hamiltonian (1). By following
an orbit ~z(t) = (~x(t), ~p(t)) and a set of
k initially independent deviation vectors ~vi(t),
i = 1, 2, . . . , k, with 2 ≤ k ≤ 2N , the Generalized
Alignment Index of order k (GALIk) represents
at any time t the volume of the generalized
parallelogram having as edges the k unit deviation
vectors v̂i(t) = ~vi(t)

‖~vi(t)‖ [15]. This volume is
computed as the norm of the wedge product of
these vectors

GALIk(t) = ‖v̂1(t) ∧ v̂2(t) ∧ . . . ∧ v̂k(t)‖. (3)

We note that the number k of the considered
deviation vectors should not exceed the dimension
2N of the system’s phase space, because in
that case the vectors will be by default linearly

dependent, and the corresponding volume (and
consequently the value of GALIk) will be zero.
The GALI is a generalization of the Smaller
Alignment Index (SALI) [30–32], with GALI2
being equivalent to SALI [15]. Both indices have
been proven to be very efficient chaos indicators
and have been successfully implemented in studies
of various dynamical systems (see e.g. [19] and
references therein).

In an N dof Hamiltonian system regular
motion typically occurs on ND tori. The system’s
dynamics leads any deviation vector of the regular
orbit to eventually fall on the ND tangent
space of the torus [15]. Thus, asymptotically the
volume defined by k initially linearly independent
deviation vectors, with N < k ≤ 2N , will vanish
as these vectors will become linearly dependent,
while, in general, for 2 ≤ k ≤ N the volume will
not become zero as the vectors will remain linearly
independent. The general behavior of the GALIk
for regular orbits lying on an ND torus of an N
dof Hamiltonian system is given by [15]

GALIk(t) ∝

 constant if 2 ≤ k ≤ N

t−2(k−N) if N < k ≤ 2N.
(4)

We note that the power law decay in (4) changes
in the case of motion on a low-dimensional torus
[16] (i.e. a torus with dimensionality lower than
N), whose existence in the FPUT β model was
shown in [33], and if some of the initial deviation
vectors are already on the torus’ tangent space
[15], but we will not discuss such cases here. Tori
of regular motion exist around stable periodic
orbits in conservative (or Hamiltonian) systems.
For such orbits, GALIk always decreases to zero
following some specific power laws [18]

GALIk(t) ∝

 t−(k−1) if 2 ≤ k ≤ 2N − 1

t−2N if k = 2N.
(5)

On the other hand, for chaotic orbits
and unstable periodic orbits GALIk decays
exponentially fast to zero [15, 18]

GALIk ∝ e−[(σ1−σ2)+(σ1−σ3)+···+(σ1−σk)]t, (6)

where σ1 ≥ σ2 ≥ · · · ≥ σk are approximations of
the first k largest LEs of the orbit.

An efficient way of computing the value
of GALIk is through the Singular Value
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Decomposition (SVD) of the matrix

A = (v̂1 v̂2 · · · v̂k) =


v̂1,1 v̂2,1 · · · v̂k,1
v̂1,2 v̂2,2 · · · v̂k,2
...

...
...

v̂1,2N v̂2,2N · · · v̂k,2N


(7)

having as columns the coordinates of
the k unitary vectors v̂i(t) = ~vi(t)

‖~vi(t)‖ =

(v̂i,1, v̂i,2, . . . , v̂i,2N ) [16]. In particular,

GALIk =
k∏
i=1

zi (8)

where zi, i = 1, . . . , k, are the so-called singular
values ofA, obtained through the SVD procedure.

We compute the value of GALIk by
following the time evolution of k initially
independent random unit deviation vectors
v̂1(0), v̂2(0), . . . , v̂k(0). In order to statistically
analyze the behavior of GALIs we average the
indices over several different choices of the set of
initial deviation vectors. The random choice of the
initial vectors leads to different GALIk(0) values.
Thus, in order to fairly and adequately compare
the behavior of the indices for different initial sets
of vectors we normalize the GALIs evolution by
registering the ratio GALIk(t)/GALIk(0), i.e. we
measure the change of the volume defined by the
k deviation vectors with respect to the initially
defined volume. Another option is to start the
evolution of the dynamics by considering a set
of k orthonormal vectors so that GALIk(0) = 1.
As we will see later on, both approaches lead
to similar results, so in our study we will follow
the former procedure, unless otherwise stated.
In order to illustrate the basic behavior of the
GALIs for regular and chaotic orbits we present
in Figure 1(a) [Figure 1(b)] the time evolution of
GALIs for a regular [chaotic] orbit of Hamiltonian
(1) with N = 5. The regular orbit of Figure 1(a)
lies on a 5D torus and consequently GALI2,
GALI3, GALI4 and GALI5 eventually oscillate
around some constant non-zero value, which
decreases with increasing k. One of our main aims
in this work is to analyze in depth this behavior.
Note that the saturation of the indices to their
practically constant limiting values happens at
latter times for higher k values. The GALIs
with k ≥ 6 eventually tend to zero following
asymptotic power laws, which are indicated by

straight lines in Figure 1(a). All these behaviors
are in accordance with Equation (4). On the
other hand, as expected from (6) the GALIs
decay exponentially fast to zero in the case of the
chaotic orbit of Figure 1(b). Since we focus here
on the behavior of GALIs for regular orbits, we
do not investigate further the case of Figure 1(b),
by e.g. computing the corresponding LEs. Such
investigations were systematically performed, for
example, in [15, 16].

3. The behavior of the GALI for
regular orbits

In general, regular motion occurs in the
vicinity of stable periodic orbits in Hamiltonian
systems. Thus, in order to study the behavior
of the GALIs for regular orbits we first locate
some stable periodic orbits of system (1) and
then compute the GALIs for orbits in the
neighborhood of these orbits. The stability
type of a periodic orbit is determined by the
eigenvalues of the so-called monodromy matrix
M(T ), which is obtained from the solution of
the variational equations of the periodic orbit for
one period T (for more details, explicit equations
and explanations see e.g. [34] and references
therein). The monodromy matrix is symplectic,
and its columns are linearly independent solutions
of the equations that govern the evolution of
deviation vectors from the periodic orbit. If all
the eigenvalues of M(T ) are on the unit circle
in the complex plane the corresponding periodic
orbit is stable, while otherwise, it is unstable. We
note that there exist several different types of
instabilities [34], but we will not discuss this issue
here.

In an ND autonomous Hamiltonian system,
two eigenvalues are always equal to λ = 1
[34], which means that in practice the remaining
2(N − 1) eigenvalues define the periodic orbit’s
stability. Thus, we can reduce our investigation
to a 2(N−1)D subspace of the whole phase space
through the well-known method of the Poincaré
Surface of Section (PSS) (see e.g. [3]), where the
corresponding monodromy matrix has 2(N − 1)
eigenvalues, none of which is by default λ = 1.

In what follows we investigate the behavior
of the GALIs for regular orbits in the
neighborhood of two simple periodic orbits
(SPOs) of system (1), which we refer to as SPO1
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FIG. 1. The time evolution of the normalized GALI
indices GALIk(t)/GALIk(0), k = 2, 3, . . . , 10 for
(a) a regular orbit with ICs x1 = −1.03003,
x3 = −x5 = 1.04003, p1 = 0.29284, and (b) a chaotic
orbit with ICs x1 = 1.00097, x3 = −x5 = 1.04003,
p1 = 0.57060, of system (1) with N = 5 and total
energy H5 = 5. All the other coordinates of both
orbits are initially set to zero. The straight lines in (a)
correspond to functions proportional to t−2, t−4, t−6,
t−8 and t−10, as indicated in the panel’s legend. Both
axes of (a) and the vertical axis of (b) are logarithmic.

and SPO2. The dynamics of these orbits was
discussed in [35, 36].

3.1. Regular motion in the neighborhood
of SPO1

The first SPO we study is called SPO1 in
[36] and it is obtained by considering an FPUT β
lattice (1) with N being an odd integer, so that
all particles at even-numbered positions are kept
stationary at all times, while the odd-numbered
particles are always displaced symmetrically to
each other, i.e.

x̂2j(t) = 0, x̂2j−1(t) = −x̂2j+1(t) = x̂(t), (9)

for j = 1, 2, . . . , N−12 . By inserting conditions (9)
in the system’s equations of motion we end up
with a second order nonlinear differential equation
for variable x̂(t) which describes the oscillations
of all moving particles of the SPO1. In particular,
for j = 1, 3, 5, . . . , N we have

¨̂xj(t) = −2x̂(t)− 2βx̂3(t), (10)

while x̂j(t) = 0, j = 2, 4, 6, . . . , (N − 1) for all
times.
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FIG. 2. The arrangement on the complex plane of the
eigenvalues λi, i = 1, 2, . . . , 20, of the monodromy
matrix of the SPO1 (9) of Hamiltonian (1) with
N = 11 for (a) the stable SPO1 with HN/N = 0.1
and x̂(0) = −0.4112, and (b) the unstable SPO1 with
HN/N = 0.2 and x̂(0) = −0.5626. The monodromy
matrix is evaluated on the PSS (a) x1 = −0.411,
p1 > 0, and (b) x1 = −0.560, p1 > 0. The
critical energy density for which the SPO1 encounters
its first transition from stability to instability is
Hc

N/N ≈ 0.1755.

The stability analysis of the SPO1 [35, 36]
showed that for small values of HN (1) the
orbit is stable, but it becomes unstable when
the energy increases beyond a certain threshold
Hc
N . More specifically, in [35] it was shown that

the energy density threshold Hc
N/N decreases

with increasing N following an asymptotic law
Hc
N/N ∝ N−1 (see for example Figure 1 of [35]).

In Figure 2 we see the arrangement of the
eigenvalues of the monodromy matrix of the SPO1
orbit of Hamiltonian (1) with N = 11 when
HN/N = 0.1 [Figure 2(a)] and HN/N = 0.2
[Figure 2(b)]. In the first case, the SPO1 is stable
as all eigenvalues are on the unit circle, while in
the latter the orbit is unstable as two eigenvalues
are off the unit circle. We note that the transition
from stability to instability for the SPO1 happens
at Hc

N/N ≈ 0.1755.
To investigate how GALIs of different orders

k behave for regular orbits we perturb the stable
SPO1 with ICs x̂i(0), p̂i(0), i = 1, 2, . . . , N and
energy density HN/N to obtain a nearby orbit
with ICs Xi(0), Pi(0), ensuring that the new orbit
is at the same energy density level. The phase
space distance D between these two orbits, in this
case, is given by

D =

{
N∑
i=1

[
(x̂i(0)−Xi(0))

2 + (p̂i(0)− Pi(0))2
]}1/2

(11)
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Having this regular orbit lying on a ND torus
means that GALIk with 2 ≤ k ≤ N will
asymptomatically approach some almost constant
value [see Equation (4)]. In order to statistically
analyze these asymptotic GALIk values we follow
the evolution of GALIs for nv = 10 different
random sets of initial unit deviation vectors whose
coordinates are drawn from a uniform distribution
in the interval [−0.5, 0.5], and compute the
evolution of the average (over the nv sets of
deviation vectors) values 〈GALIk(t)/GALIk(0)〉.
The integration of the orbit and of the deviation
vectors is performed until the GALI values
show a clear saturation. Then we estimate the
asymptotic GALI value by finding the mean value
of 〈GALIk(t)/GALIk(0)〉 over the last nt = 20
recorded values, captured during, approximately,
the one-fifth of the last decade of integration.
We denote this quantity as GALIk and estimate
its error through the standard deviation of the
considered nt values.
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FIG. 3. (a) The time evolution of the average, over
nv = 10 sets of random initial unit deviation vectors,
〈GALIk(t)/GALIk(0)〉 (black curves) for k =2, 3, 5,
7, 9 and 11, for a regular orbit in the vicinity of the
stable SPO1 of system (1) withN = 11,HN/N = 0.01
and D = 0.12. The shaded gray area around each
curve denotes 1 standard deviation. (b) Estimation of
the asymptotic GALI values, GALIk, as a function of
their order k for the orbit of panel (a). The error bars
denote 1 standard deviation.

The outcome of this analysis for a regular
orbit with distance (11) D = 0.12 from the
stable SPO1 of system (1) with N = 11
and HN/N = 0.01 is seen in Figure 3. In
particular, Figure 3(a) depicts the evolution of
〈GALIk(t)/GALIk(0)〉 for some selected orders k
(black curves). The gray area around these curves
represents one standard deviation. We observe
that GALIs of higher orders converge to lower

values and need more time to settle to these
values. In Figure 3(b) we see more clearly how
these final asymptotic values, GALIk, decrease
with increasing k.

Let us now investigate how these behaviors
change when the studied regular orbit is taken
further and further away from the stable SPO1,
i.e. as we increase D. A representative case is
presented in Figure 4 where we plot the evolution
of GALI2 [Figure 4(a)] and GALI4 [Figure 4(b)]
for several orbits in the neighborhood of the
stable SPO1 of Hamiltonian (1) with N = 11,
HN/N = 0.01 and D1 = 0.008, D2 = 0.01,
D3 = 0.06, D4 = 0.1, D5 = 0.22 and D6 = 0.4,
when one set of random initial deviation vectors
is used. First of all, we observe that the behavior
of the GALIs for the regular orbit closest to
the SPO1 (D1 = 0.008) follows the same power
laws as the periodic orbit itself, namely (5),
i.e. GALI2 ∝ t−1 and GALI4 ∝ t−3. As D
increases, i.e. the IC of the regular orbit moves
further away from the stable SPO1 inside the
stability island surrounding the periodic orbit,
GALIs start deviating from the power law decay
observed for D = D1, and finally saturate to a
positive value. This deviation starts earlier for
larger D values and consequently the asymptotic
values of GALIs increase as D grows. Eventually,
for very large values of D, in the particular case
discussed in Figure 4 for D = D6 = 0.4, the
perturbed orbit becomes chaotic as it is located
outside the stability island. In that case, the
GALIs decrease exponentially fast to zero in
accordance with (6).

In Figure 4 we show the increase of only
the asymptotic values of GALI2 and GALI4 with
respect to D. This behavior is clearly seen for
the whole spectrum of GALIs in Figure 5 where
we plot the GALIk values versus k for regular
orbits around the SPO1 orbit of system (1) with
N = 11 and HN/N = 0.01, having D values
which are relatively not too small, in order to
avoid the power law decays observed in Figure 4
for D = 0.008, but also relatively not too large in
order for the studied orbit to be well inside the
stability island.

So far we saw how the asymptotic GALI
values change when we increase the distance
D of the studied orbit from the stable SPO1
for constant energy HN (and obviously constant
energy density HN/N). In order to see how
GALIk values change when we increase the orbit’s
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FIG. 4. The time evolution of (a) GALI2(t)/GALI2(0)
and (b) GALI4(t)/GALI4(0) for orbits with
HN/N = 0.01 and distances D1 = 0.008, D2 = 0.01,
D3 = 0.06, D4 = 0.1, D5 = 0.22 and D6 = 0.4 from
the stable SPO1 of Hamiltonian (1) with N = 11, for
1 set of initial deviation vectors. The straight lines
correspond to functions proportional to (a) t−1, and
(b) t−3.
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FIG. 5. Similar to Figure 3(b) but for regular orbits
in the vicinity of the stable SPO1 of system (1) with
N = 11, HN/N = 0.01 and (a) D1 = 0.01, D2 = 0.06,
D3 = 0.12, and D4 = 0.22.

energy density, we begin by estimating the size
of the stability island around the SPO1 orbit
with different HN/N values by finding the largest
D value for which regular motion is observed.
We denote this value Dm. The outcome of
this process is shown in Figure 6. The Dm

value (and consequently the size of the stability
island) decreases as HN/N grows, and vanishes
when the SPO1 periodic orbit destabilizes and
becomes unstable. Recall that in this case, the
destabilization of the SPO1 takes place for
Hc
N/N ≈ 0.1755. Thus, the region below the

curve of Figure 6 corresponds to regular motion.
In Figure 7 we present the values of GALIk
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FIG. 6. Estimation of the extent in phase space of the
stability island around SPO1: The maximum value of
D, denoted by Dm, for which regular motion occurs,
as a function of the energy density HN/N for the
Hamiltonian (1) with N = 11.

as a function of the GALI’s order k for regular
orbits in the neighborhood of the stable SPO1
for increasing energy densities E = HN/N ,
i.e. moving the orbit’s IC in the region below
the curve of Figure 6 towards the destabilization
energy of SPO1. In particular, we consider regular
orbits with D = 0.1 for E1 = 0.01, E2 = 0.04 and
with D = 0.01 for E3 = 0.12 and E4 = 0.16. As
the energy density increases the regular region in
Figure 6 is shrinking, thus the considered regular
orbit is located closer and closer to the stable
SPO1 orbit itself and the D value should also
decrease in order to avoid transition to chaotic
motion. Since the regular orbit approaches the
stable SPO1 the GALIk values shown in Figure 7
decrease for orbits close to the periodic one, in
accordance to what we observed in Figure 5.

-40

-35

-30

-25

-20

-15

-10

-5

 0

 2  3  4  5  6  7  8  9  10  11

 |  | 
 | 
 | 
 | 
 |  | G

A
L

I k

k

E
1

E
2

E
3

E
4

FIG. 7. Similar to Figure 5 but for regular orbits with
different energy densities E = HN/N : E1 = 0.01,
E2 = 0.04, E3 = 0.12 and E4 = 0.16. The phase
space distance D (11) is D = 0.1 for E1 and E2, and
D = 0.01 for E3 and E4.

The behavior we observe in the N = 11
case for the asymptotic GALI values of regular
orbits located further and further away from the
stable SPO1 (Figure 5), as well as the one we
see for regular orbits whose energies approach the
destabilization energy of the SPO1 (Figure 7),
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FIG. 8. Estimation of the asymptotic GALI values,
GALIk, as a function of their order k for regular orbits
in the vicinity of the stable SPO1 of system (1) with
N = 21. (a) Regular orbits for E = HN/N = 0.002
and distancesD (11)D1 = 0.01,D2 = 0.04,D3 = 0.08
and D4 = 0.12. (b) Regular orbits with E1 = 0.002
and D = 0.12, E2 = 0.006 and D = 0.1, E3 = 0.01
and D = 0.09, and E4 = 0.04 and D = 0.03. The error
bars in both panels denote 1 standard deviation.

remain the same also for other values of N . As
a testimony to that we present in Figure 8 results
for the dependence of the GALIk values on the
order k of the index for the SPO1 orbit of system
(1) with N = 21. Note that in this case, the
destabilization energy density of the SPO1 is
HN/N ≈ 0.0675.

3.2. Regular motion in the neighborhood
of SPO2

The findings of Section 3.1 are not restricted
to only one type of SPO but are rather general.
To demonstrate this we perform a similar analysis
for regular orbits in the neighborhood of what
was called SPO2 in [36]. This periodic orbit
appears in FPUT β systems (1) with N = 5 +
3m, m = 0, 1, 2, . . ., particles where every third
particle remains always stationary and the two
particles in between move in opposite directions

x̂3j(t) = 0, j = 1, 2, 3, . . . ,
N − 2

3
, (12)

x̂j(t) = −x̂j+1(t) = x̂(t),

j = 1, 4, 7, . . . , N − 1.
(13)

Similarly to the case of SPO1 inserting conditions
(12) and (13) in the equations of motion of system
(1) leads to a single differential equation

¨̂xj(t) = −3x̂(t)− 9βx̂3(t) (14)

for the moving particles, while x̂j(t) = 0 for the
stationary particles with j = 3, 6, 9, . . . , N − 2. In
[36], where the stability of this orbit was studied
in detail, it was found that the destabilization
energy density threshold Hc

N/N decreases when
the number of particles grows, as Hc

N/N ∝ N−2

(see Figure 2(a) of [36]).
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FIG. 9. Similar to Figure 6 but for the SPO2 of
Hamiltonian (1) with N = 11.
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FIG. 10. Estimation of the asymptotic GALI values,
GALIk, as a function of their order k for regular
orbits in the vicinity of the stable SPO2 of system
(1) with N = 11 [(a) and (b)] and N = 20
[(c) and (d)]. The considered regular orbits have
(a) E = HN/N = 0.001 and distancesD (11) from the
stable SPO2 D1 = 0.01, D2 = 0.04, D3 = 0.08 and
D4 = 0.12, (c) E = HN/N = 0.002 with D1 = 0.01,
D2 = 0.04, D3 = 0.08 and D4 = 0.12, (b) E1 = 0.001
and D = 0.12, E2 = 0.004 and D = 0.12, E3 = 0.008
and D = 0.04, and E4 = 0.012 and D = 0.01,
(d) E1 = 0.0004 and D = 0.1, E2 = 0.0008 and
D = 0.04, E3 = 0.002 and D = 0.04, and E4 = 0.004
and D = 0.002.

For N = 11 the stability region of SPO2
is shown in Figure 9, which can be directly
compared with the stability region of SPO1 in
Figure 6, as both cases have the same number of
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particles. The shapes of both stability regions look
similar but the extent of the SPO2 region in the
energy density axis is much smaller as the stable
SPO2 becomes unstable for Hc

N/N ≈ 0.01395.
In Figure 10 we present results regarding

the asymptotic GALI values, GALIk, for regular
orbits inside the stability island around the SPO2
orbit for N = 11 [Figures 10(a) and (b)] and
for N = 20 [Figures 10(c) and (d)]. We observe
similar behaviors to the ones encountered in the
neighborhood of SPO1. In particular, the GALIk
values increase as we move away from the stable
periodic orbit [Figures 10(a) and (c)], similarly to
what we observed in Figures 5 and 8(a), while
they decrease as the energy of the regular orbit
approaches the destabilization energy of SPO2
[Figures 10(b) and (d)] as we saw in Figures 7 and
8(b) for the SPO1 case. We note that for N = 20
the destabilization threshold is Hc

N/N ≈ 0.00425.

4. Statistical analysis of deviation
vectors

In the case of chaotic orbits it is known
that all, initially different, deviation vectors will
eventually become aligned to the direction defined
by the maximum LE [8–10]. This behavior leads
to the eventual vanishing of the GALIs through
the exponential decay (6) [15]. On the other hand,
for regular orbits we know that deviation vectors
eventually fall on the tangent space of the torus
on which the motion occurs [15], but it is not clear
how this behavior affects the actual GALI values.
For this reason, we investigate here in detail the
behavior of deviation vectors for regular orbits.

An important finding is that the evolution
of the GALIs does not practically depend on the
initial choice of deviation vectors needed for their
computation. A particular example illustrating
this property is shown in Figure 11 where we
present the evolution of GALIs for a regular
orbit close to the stable SPO1 (D = 0.12) of
Hamiltonian (1) for N = 11 and HN/N = 0.01.
In Figure 11(a) we show the evolution of
〈GALIk(t)/GALIk(0)〉 for some selected values
of k when the coordinates of the unit initial
deviation vectors are chosen from a uniform
distribution in the interval [−0.5, 0.5] (black
curves) or from a normal distribution with mean 0
and standard deviation 1 (light black curves). The
two curves practically coincide. The presented

results are averaged over nv = 10 random sets of
initial deviation vectors and the gray area around
the curves indicate one standard deviation, as was
done for example in Figure 3(a). In Figure 11(b)
we show a similar computation, but now the
initial deviation vectors, whose initial coordinates
were created in a similar way as in Figure 11(a),
were orthonormalized at the beginning of their
evolution. This choice sets GALIk(0) = 1 and
for this reason we report in Figure 11(b) the
average value 〈GALIk(t)〉. Also for this case, we
see that the method of creation of the initial,
orthonormal deviation vectors does not affect
the evolution of the GALIs. Furthermore, by
comparing Figures 11(a) and (b) we observe
that also the choice of unit or orthonormal
initial deviation vectors does not have any
practical influence on the evolution of the indices.
This becomes more evident from the results of
Figure 11(c) where we plot the estimations of
the asymptotic GALI values, GALIk, obtained
from the results of Figures 11(a) and (b) [in
the same way that Figure 3(b) was obtained
from Figure 3(a)], as the four curves practically
overlap.

In Figure 12 we plot the probability density
distributions of the coordinates of the unit
deviation vectors needed for the evaluation of
GALI11 for a regular orbit close to SPO1 of
Hamiltonian (1) with N = 11. In particular,
we consider the orbit with HN/N = 0.01,
D = 0.12 in Figure 12(a) and HN/N = 0.002,
D = 0.04 in Figure 12(b). The distributions
are created by the coordinates of the set of 11
deviation vectors obtained at 10 snapshots when
the GALI11 has reached its asymptotic value.
Black curves correspond to initially unit deviation
vectors, while gray curves to orthonormal ones.
Both curves practically overlap.

The results of Figures 11 and 12 clearly
indicate that the initial distribution of the
deviation vector coordinates does not play
a role in the evolution of GALIs. Thus,
we will here continue our investigations by
considering only initial unit deviation vectors
having their coordinates generated from a uniform
distribution.

The distribution of the deviation vectors
coordinates evolve in time as we see in Figure 13
where we divide into five time intervals the
evolution of GALI11 for a regular orbit close to
the stable SPO1 of Hamiltonian (1) for N = 11,
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FIG. 11. The time evolution of the average over
nv = 10 sets of initial deviation vectors of (a)
〈GALIk(t)/GALIk(0)〉 and (b) 〈GALIk(t)〉 for k = 2,
3, 5, 7, 9, 11, for a regular orbit in the neighborhood
of the stable SPO1 (D = 0.12, HN/N = 0.01) of
Hamiltonian (1) with N = 11. The coordinates of
the initially (a) unit [(b) orthonormalized] deviation
vectors were chosen from a uniform (black curves)
and a normal distribution (light black curves). The
2 curves practically coincide in panels (a) and (b),
while the gray area around them indicate 1 standard
deviation. (c) Similar to Figure 3(b) but for the 4
different cases of panels (a) and (b). The cases are
denoted in the legend by the panels name, (a) or (b),
and by ‘u’ or ‘n’ for uniform and normal distributions.
The 4 curves practically overlap.
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FIG. 12. Probability density distributions of the
coordinates v̂i of 11 initially unit (black curves – ‘u’) or
orthonormalized (gray curves – ‘o’) deviation vectors
for a regular orbit of Hamiltonian (1) with N = 11
close to the stable SPO1, with (a) HN/N = 0.01,
D = 0.12, and (b) HN/N = 0.002, D = 0.04.
The distributions are created from data obtained
from 10 snapshots of the deviation vectors’ evolution
when the GALI11 values have practically reached their
asymptotic behavior. In both panels, the two curves
practically overlap.

with HN/N = 0.004 and D = 0.04 [Figure 13(a)].
Each interval has the same length in logarithmic
scale. The corresponding coordinate distributions
are shown in Figure 13(b), while in Figure 13(c)
we present similar distributions but for another,
random set of initial deviation vectors. From
Figures 13(b) and (c) we see the evolution of
the distributions from a rather spread ‘triangular’
shape to a more concentrated one, along
with clear similarities between the distributions
obtained by different initial sets of deviation
vectors. Thus, in general, not only the final
distribution obtained when GALIs have reached
their asymptotic behavior, but also the time
evolution of the coordinate distributions is
practically independent of the initial choice of
deviation vectors.
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FIG. 13. (a) The time evolution of GALI11 for
a regular orbit in the neighborhood of the stable
SPO1 orbit of Hamiltonian (1) for N = 11
with HN/N = 0.004 and D = 0.04. The evolution
is divided into 5 intervals, I1: 0 ≤ log10 t < 1.5,
I2: 1.5 ≤ log10 t < 3, I3: 3 ≤ log10 t < 4.5,
I4: 4.5 ≤ log10 t < 6 and I5: 6 ≤ log10 t ≤ 7.5. The
coordinate distributions of the 11 unit deviation
vectors for the intervals I1, I2, I3, I4 and I5 are shown
in (b) for the deviation vectors used in (a), while in
(c) we see results similar to the ones of (b) but for
another random set of initial deviation vectors.

In Figures 14 and 15 we investigate
the dependence of the final deviation vector
coordinate distribution on the regular orbit’s
distance D from the stable SPO in the case of
SPO1 [Figure 14(a)] and SPO2 [Figure 15(a)].
We see that in both cases we have a transition
from a rather pointy distribution with high
concentrations in the distribution’s middle and
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FIG. 14. The final coordinate distributions of the 11
unit deviation vectors used for the computation of
GALI11 for regular orbits in the neighborhood of the
stable SPO1 of Hamiltonian (1) with N = 11. The
considered regular orbits have (a) E = HN/N = 0.01
and distancesD (11) from the stable SPO1D1 = 0.01,
D2 = 0.06, D3 = 0.12 and D4 = 0.22, and
(b) E1 = 0.001 and D = 0.015, E2 = 0.01 and
D = 0.015, E3 = 0.1 and D = 0.015, and E4 = 0.175
and D = 0.001.

edges (small D values) to a more ‘triangular’
shape as we approach the boundaries of the
stability island (large D values). In accordance to
this behavior we see in Figures 14(b) and 15(b)
that when the orbit’s energy density increases
towards the SPO’s destabilization energy the
distributions move to a more pointy and
concentrated shape because the regular orbit is
located closer to the stable SPO, as we have
already pointed out in the discussion of Figure 7.

5. Summary and discussion

In this work, we investigated in detail the
behavior of the GALI chaos indicator for regular
motion of multidimensional Hamiltonian systems.
Thus, in this framework, our study builds on
and completes previous knowledge/findings on
the GALI method [15, 16, 18] where other aspects
of the index were investigated, like for example its
behavior for periodic orbits [18]. For this purpose,
we considered several regular orbits in the vicinity
of two basic SPOs of the FPUT β model (1), the
so-called SPO1 and SPO2 orbits [36], for various
numbers of the system’s dof.

We showed that the time evolution of
the GALIs, along with the distribution of the
coordinates of the deviation vectors needed for
their computation, are not influenced by the
initial choice of the deviation vectors (Figures 11
and 12). In order to do so, we considered various
sets of initial deviation vectors. More specifically,
we used unit vectors whose coordinates were
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FIG. 15. The final coordinate distributions of the 11
unit deviation vectors used for the computation of
GALI11 for regular orbits in the neighborhood of the
stable SPO2 of Hamiltonian (1) with N = 11. The
considered regular orbits have (a) E = HN/N = 0.001
and distancesD (11) from the stable SPO2D1 = 0.01,
D2 = 0.04, D3 = 0.08 and D4 = 0.12, and
(b) E1 = 0.001 and D = 0.12, E2 = 0.004 and D =
0.12, E3 = 0.008 and D = 0.04, and E4 = 0.012 and
D = 0.01.

drawn randomly from a uniform or a normal
distribution. In that case, since the initial value
GALIk(0) is different for each choice of vectors, we
registered the evolution of 〈GALIk(t)/GALIk(0)〉.
An alternative option we considered was vectors,
whose coordinates were again randomly generated
from a uniform or a normal distribution, which
were also orthonormalized at the beginning of
our numerical simulations, setting in this way
GALIk(0) = 1. For this choice we followed the
evolution of 〈GALIk(t)〉.

The value of GALIk eventually saturates to a
positive value for regular motion on an ND torus
for 2 ≤ k ≤ N . The asymptotic GALIk values
depend on (i) the order k of the index, i.e. GALIs
of higher order attain lower values, (ii) the phase
space distance D (11) of the regular orbit from
the nearby SPO, i.e. the GALIk values increase
when D grows, and (iii) the orbit’s energy HN

(1), or equivalently the energy density HN/N ,
i.e. as we approach the destabilization energy
of the SPO the GALIk values decrease. Finally,
we also showed that the shape of the coordinate
distributions of the deviation vectors depend on
D and HN/N (Figures 14 and 15), although these
distributions are not influenced by the initial
choice of the vectors.
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